Abstract. Let (X, ∆) be a log pair over S, such that −(KX + ∆) is nef over S. It is conjectured that the intersection of the non-klt (non Kawamata log terminal) locus of (X, ∆) with any fiber Xs has at most two connected components. We prove this conjecture in dimension ≤ 4 and in arbitrary dimension assuming the termination of klt flips.
Introduction
We work over an algebraically closed field k of characteristic zero. Let π : X → S be a proper morphism with connected fibers, and (X, ∆) a log pair. It is quite useful to understand the connected components of Nklt(X, ∆), the non-klt locus of (X, ∆), and more generally, the connected components of the fibers of π : Nklt(X, ∆) → S. When −(K X + ∆) is π-nef and π-big, by the Shokurov-Kollár connectedness lemma, any fiber of π| Nklt(X,∆) : Nklt(X, ∆) → S is connected. The connectedness lemma has many applications, including the proof of inversion of adjunction.
When −(K X + ∆) is π-nef, the fibers of π| Nklt(X,∆) : Nklt(X, ∆) → S are not necessarily connected. This is the case for X = P 1 and ∆ the union of two distinct points. We expect the following conjecture to be true. Conjecture 1.1. Let (X, ∆) be a log pair, and π : X → S a proper morphism with connected fibers, such that −(K X + ∆) is π-nef. For any point s ∈ S, π −1 (s) ∩ Nklt(X, ∆) has at most two connected components.
In dimension two, Conjecture 1.1 was proven by Prokhorov in [9] . Assuming the termination of klt flips, Fujino showed Conjecture 1.1 for the case when (X, ∆) is dlt and K X + ∆ is numerically trivial, [3] . In particular, he proved Conjecture 1.1 when dim X ≤ 3. Kollár and Kovács showed Conjecture 1.1 for the case that K X + ∆ is numerically trivial without any assumption on the termination of flips. They then applied this result in their study of lc (log canonical) singularities, [6, 7] .
When (X, ∆) is dlt (divisorial log terminal), one may wonder if the nefness of −(K X + ∆) implies the semiampleness of −(K X + ∆), and hence Conjecture 1.1 would follow from the result in [7] . However, this is not the case. Gongyo constructed an example such that dim X ≥ 3, (X, ∆) is plt (purely log terminal), −(K X + ∆) is big and nef, and −(K X + ∆) is not semiample, [4] .
In this paper, assuming the termination of klt flips, we prove Conjecture 1.1. Theorem 1.2. Assume the termination of klt flips or that dim X ≤ 4. Let (X, ∆) be a log pair, and π : X → S a proper morphism, such that −(K X +∆) is π-nef. Fix a point s ∈ S, and assume that
(X, ∆) is plt in a neighborhood of π −1 (s), and (2) π −1 (s) ∩ Nklt(X, ∆) has 2 connected components.
In fact, we will prove a slightly stronger result in Theorem 3.1. In a private communication, M c Kernan and Xu informed us that they had obtained a similar result in an unpublished work.
Here we give a rough idea of the proof. After taking a dlt modification, we may assume (X, B + red C) is dlt, where B = {∆}, C = ⌊∆⌋. We run a special kind of (K X + B)-MMP and reach a Mori-fiber space X Y /Z. This MMP preserves the connected components of the non-klt locus. The theorem then follows by applying the Shokurov-Kollár connectedness lemma and the result in [6] . When dim X ≤ 4, we show that a certain klt MMP terminates by applying the main result of [1] . We emphasize that our approach is closely based on the ideas of [10] and [7] , the main new input is the choice of the special MMP.
The proof of Theorem 1.2 also implies the following corollary, which can be viewed as a stronger version of the connectedness lemma. Corollary 1.3. Assume the termination of klt flips or that dim X ≤ 4. Let (X, ∆) be a log pair such that (X, B + red C) is dlt, where B = {∆}, and C = ⌊∆⌋. Let π : X → S be a proper morphism such that −(K X + ∆) is π-nef, and there exists ǫ > 0 such that −(K X + B + (1+ ǫ)C) is π-nef. Then, Nklt(X, ∆) is connected in a neighbourhood of any fiber of π.
Following the ideas in [6] , as an application of Theorem 1.2, we see that the following strengthening of Theorem 4.40 in [6] holds (see also Theorem 1.7 in [7] ). Theorem 1.4. Assume the termination of klt flips or that dim X ≤ 4. Let π : (X, ∆) → S be a proper morphism such that −(K X + ∆) is π-nef, and (X, ∆) is dlt. Let s ∈ S be a point such that π −1 (s) is connected. Let Z ⊂ X be minimal (with respect to inclusion) among the lc centers of (X, ∆) such that s ∈ π(Z). Let W ⊂ X be an lc center of (X, ∆) such that s ∈ π(W ). Then, there is an lc center Z W ⊂ W such that Z and Z W are P 1 -linked. In particular, all the minimal (with respect to inclusion) lc centers Z i ⊂ X such that s ∈ π(Z i ) are P 1 -linked to each other.
Let π : (X, ∆) → S be a proper morphism, and recall that we say W ⊂ S is an lc center (of (X, ∆) with respect to π), if W = π(Z) for some lc center Z ⊂ X of (X, ∆).
An immediate consequence of Theorem 1.4 is the following strengthening of Corollary 4.41 in [6] . Corollary 1.5. Assume the termination of klt flips or that dim X ≤ 4. Let π : (X, ∆) → S be a proper morphism such that −(K X + ∆) is π-nef and (X, ∆) is dlt. Then,
(1) every point s ∈ S is contained in a unique smallest (with respect to inclusion) lc center W s ⊂ S, and (2) any intersection of lc centers is also a union of lc centers.
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Preliminaries

Notations and Conventions.
We refer the reader to [6, 8] for the basic definitions of log discrepancies and log canonical (lc), divisorially log terminal (dlt), and kawamata log terminal (klt) singularities. Recall that for a log sub pair (X, ∆), the non-klt locus is defined by Nklt(X, ∆) := {x|(X, ∆) is not klt at x}.
For the reader's convenience, we state the following lemma which is known as the existence of dlt modifications. The proof is due to the first author.
Lemma 2.1 (Existence of dlt modifications, c.f. [5] Proposition 3.3.1). Let (X, ∆) be a log pair. There is a proper birational morphism f :
Recall the following simple consequence of the Shokurov-Kollár connectedness lemma.
Lemma 2.2. Let (X, ∆) be a log pair, and f : X ′ → X a proper birational morphism, such that (X ′ , ∆ ′ ) is a crepant pullback of (X, ∆), i.e., K X ′ +∆ ′ = f * (K X + ∆). Then there is a bijection between the connected components of Nklt(X, ∆) and the connected components of Nklt(X ′ , ∆ ′ ).
Proof. By the Shokurov-Kollár connectedness lemma, the fibers of
are connected, thus the preimage of a connected component of Nklt(X, ∆) is a connected component of Nklt(X ′ , ∆ ′ ).
Lemma 2.3. Let (X, B) be a klt pair, and −(K X + B) = C + P for an effective divisor C and a nef divisor P . Then there exists β > 0, such that for any extremal ray R such that (K X + B + βP ) · R < 0, we have P · R = 0.
Proof. Pick any β > 0, and let R i be extremal rays such that (
Let Γ i be a curve generating R i having the minimal degree with respect to an ample divisor H. In some references, Γ i is called an extremal curve. There are positive real numbers r 1 , . . . , r s and a natural number m such that
where
. We deduce that there are only finitely many possibilities for the n i,j and hence for the intersection
By the same argument, the possibilities for the intersection numbers (K X + B + ǫC) · Γ i are also finite, hence the same holds for P · Γ i . We may assume that
We get the desired β by choosing β = 2 dim X α + 1.
π : D i → S are both isomorphisms, and (4) every reduced fiber red X s is isomorphic to P 1 . By definition, ∆ is vertical and the projection gives an isomorphism of klt pairs
A simple example of a standard P 1 -link is a product
We will need the following result from [6] , for a slightly weaker version, see Proposition 5.1 in [7] . . Let (X, B) be a klt pair, C an effective Z-divisor on X, and f : X → Z a proper morphism such that K X + B + C ∼ R,f 0. Fix a point z ∈ Z, and assume that f −1 (z) is connected but f −1 (z) ∩ C is disconnected (as k(z)-schemes).
(1) There is anétale morphism (z ′ ∈ Z ′ ) → (z ∈ Z) and a proper morphism
(3) f −1 (z) ∩ C has 2 connected components, and there is a crepant birational involution of (C, Diff C B) that interchanges these two components.
Definition 2.6 (P 1 -linking[6, Definition 4.39]). Let g : (X, ∆) → S be a dlt log pair, g a proper surjective morphism with connected fibers, K X +∆ ∼ R,g 0 and Z 1 , Z 2 ⊂ X two lc centers. We say that Z 1 , Z 2 are directly P 1 -linked if there is an lc center W ⊂ X containing the Z i such that g(W ) = g(Z 1 ) = g(Z 2 ) and (W, Diff * W ∆) is birational to a standard P 1 -link with Z i mapping to D i .
We say that Z 1 , Z 2 ⊂ X are P 1 -linked if there is a sequence of lc centers
. Note that Z 1 is a minimal lc center if and only if (Z 1 , Diff * Z 1 ∆) is klt. In this case Z 2 is also a minimal log center.
In order to prove Theorem 1.2, we need the following result.
Theorem 2.7 ([1, Lemma 3.1]). Let
be a sequence of 4-dimensional klt flips such that D = E + D ′ with effective E and D ′ , such that all flips are E-positive (i.e., E is positive on a curve in the flipping locus). Then the sequence of flips terminates.
A strong connectedness theorem
In this section, we will prove the following theorem, which is a slightly stronger result than Theorem 1.2.
Theorem 3.1. Assume the termination of klt flips. Let (X, ∆) be a log pair, and π : X → S a proper morphism such that −(K X + ∆) is π-nef. Fix a point s ∈ S, and assume that π −1 (s) is connected but π −1 (s) ∩ Nklt(X, ∆) is disconnected (as k(s)-schemes).
(1) There is anétale morphism (s ′ ∈ S ′ ) → (s ∈ S) and a proper morphism T ′ → S ′ such that k(s) = k(s ′ ) and (X, ∆) × S S ′ is birational to a standard P 1 -link over T ′ . (2) (X, ∆) is plt in a neighborhood of π −1 (s).
(3) π −1 (s) ∩ Nklt(X, ∆) has 2 connected components.
Proof. By Lemma 2.1, we may take a dlt modification of (X, ∆), ϕ : X 1 → X, so that X 1 is Q-factorial, K X 1 + B + C = ϕ * (K X + ∆), C = ⌊B + C⌋ and (X 1 , B + red C) is dlt. By Lemma 2.2, there is a bijection between the connected components of Nklt(X, ∆) and Nklt(X 1 , B + C) = Supp C. In particular, π −1 1 (s) ∩ Supp C is disconnected, where π 1 := π • ϕ. Arguing as in [6, Proposition 4 .37], we may assume that different components of π
If −C is π 1 -nef, then we claim that π −1 1 (s) ⊆ Supp C, which is a contradiction. To see the claim, note that otherwise we can choose a curve
Therefore we may assume that −C is not π 1 -nef. Let B 1 := B, P := −(K X 1 + B + C),
Choose β 1 > 1 as in Lemma 2.3, then
is not nef, since
We run a special kind of (K X 1 + B 1 )-MMP over S as follows. Let R be a (K X 1 + B 1 + β 1 P 1 )-negative extremal ray over S such that P 1 · R = 0. It is also a (K X 1 + B 1 )-negative extremal ray over S. By the cone theorem, R can be contracted. If we get a Mori fiber space, X 1 → Z, then we stop. Otherwise, we get a birational map, φ : X 1 X 2 . By the cone theorem, φ * P 1 is nef and (X 2 , φ * B 1 ) is klt. Let p : W → X 1 and q : W → X 2 be a common resolution. Since K X 1 + B 1 + C 1 = −P 1 is φ-trivial, according to the negativity lemma,
By Lemma 2.2, there is a bijection between the connected components of Nklt(
is not π 2 -nef over S and we can repeat the above process, namely, let B 2 := φ * B 1 ,
Arguing as above, one sees that (K X 2 + B 2 + β 2 P 2 ) is not nef and we may contract a (K X 2 + B 2 + β 2 P 2 )-negative extremal ray over S. Proceeding this way, we obtain a sequence of the (K X 1 + B 1 )-MMP over S.
Since we are assuming the termination of flips, this MMP ψ : X 1 X n terminates with a Mori fiber space X n → Z. For simplicity, we let Y := X n ,
We remark that since γ : Y → Z is a Mori fiber space, its fibers are connected, and the fiber ρ −1 (s) is connected, where ρ : Z → S is the natural induced morphism. Now, −(K Y +B Y ) = P Y +C Y is ample over Z, or equivalently, C Y is ample over Z. This implies that C Y intersects every fiber of γ. As observed above, there is a bijection between the connected components of Nklt(X 1 , B 1 + C 1 ) = Supp C 1 and Nklt(Y, B Y + C Y ) = Supp C Y , and
is connected in a neighbourhood of any fiber of γ. Hence,
is connected, a contradiction. If µ n = 0, then µ 1 = 0 and C Y = ψ * C since µ n ≥ µ n−1 ≥ · · · ≥ µ 1 ≥ 0. The MMP is P -trivial and hence (K X +B +C)-trivial, and so K Y +B Y +C Y is numerically trivial over Z.
Since
Since C Y is ample over Z, there is an irreducible component, say D 1 ⊂ C Y that has positive intersection with the contracted ray. Since ρ(Y /Z) = 1, if a vertical divisor intersects a fiber, then this divisor must contain the fiber. Since γ −1 (z 0 ) ∩ Supp C Y is disconnected, there exists another prime divisor, say D 2 ⊂ C Y that intersects with the fiber γ −1 (z 0 ) and is disjoint from D 1 in γ −1 (z 0 ). Thus, D 2 also has positive intersection with the contracted ray, and is ample over Z. D 1 and D 2 both intersect every curve contracted by γ and they are disjoint in γ −1 (z 0 ). Hence, a general fiber F g of γ is a smooth rational curve. Now, ( 
Proof of the main results
Proof of Theorem 1.2. Assuming the termination of klt flips, this follows from Theorem 3.1.
Assume now that dim X ≤ 4. We follow the notation in the proof of Theorem 3.1. We only need to prove that the sequence of (K We remark that the result of Corollary 1.3 without assuming the termination of flips implies the connectedness lemma. For a log pair (X, ∆) and a proper morphism π : X → S, such that −(K X + ∆) is π-nef and π-big. Possibly by taking a dlt modification, we may assume that (X, B + red C) is dlt, where B = {∆} and C = ⌊∆⌋. There exists an effective divisor E and a π-ample divisor A k , such that −(K X + ∆) = A k + E k for k ≫ 1. Let ∆ k := ∆ + E k , B k := {∆ k } and C k := ⌊∆ k ⌋. There exists k ≫ 1, such that (X, B k + red C k ) is dlt and Nklt(X, ∆) = Nklt(X, ∆ k ). Since −(K X + ∆ k ) is ample, −(K X + B k + (1 + ǫ)C k ) is nef for some ǫ > 0. By Corollary 1.3, Nklt(X, ∆ k ) is connected in a neighbourhood of any fiber of π.
Proof of Theorem 1.4. This follows from Theorem 3.1 and the proof of Theorem 4.40 in [6] .
Proof of Corollary 1.5. This follows from Theorem 1.4 and the proof Corollary 4.41 in [6] .
It would be interesting to prove the results in this note without assuming the termination of flips, and to generalize these results to the setting of generalized polarized pairs.
